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Algebraicity of Nash sets and of their
asymmetric cobordism
Riccardo Ghiloni and Alessandro Tancredi
Abstract
This paper deals with the existence of algebraic structures on compact Nash sets. We introduce
the algebraic-topological notion of asymmetric Nash cobordism between compact Nash sets, and
we prove that a compact Nash set is semialgebraically homeomorphic to a real algebraic set if and
only if it is asymmetric Nash cobordant to a point or, equivalently, if it is strongly asymmetric
Nash cobordant to a real algebraic set. As a consequence, we obtain new large classes of compact
Nash sets semialgebraically homeomorphic to real algebraic sets. To prove our results, we need to
develop new algebraic-topological approximation procedures. We conjecture that every compact Nash
set is asymmetric Nash cobordant to a point, and hence semialgebraically homeomorphic to a real
algebraic set.
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1 The algebraization problem: state of the art
The problem of the existence of algebraic structures on topological spaces is an old and deep question of
real algebraic geometry.
The nonsingular case has been completely settled. In 1952, Nash [26] showed that every compact
smooth manifold M is diffeomorphic to a union of nonsingular connected components of a real algebraic
set. The algebraization problem for M arose: Is M diffeomorphic to a whole nonsingular real algebraic
set? Five years later, Wallace [36] proved that the answer is affirmative if M is the boundary of a
compact smooth manifold-with-boundary. This insight of using cobordism was of crucial importance.
In fact, in 1965, Milnor [28] showed that every compact smooth manifold is unoriented cobordant to a
nonsingular real algebraic set and later, in 1973, Tognoli [34] used this result to prove that the answer
to the preceding question is always affirmative: every compact smooth manifold has an algebraic model;
namely, it is diffeomorphic to a nonsingular real algebraic set.
Cobordism can be employed also to make algebraic topological spaces having singularities. This
was done by Akbulut and King in their theory of resolution towers (see [4]). Their idea is to consider
compact topological spaces M whose singularities can be topologically resolved in the following way:
there exist finite families of compact smooth manifolds {Mi}i and of smooth maps {fij :Mij −→Mj}i,j
from subsets Mij of Mi to Mj such that the quotient space obtained by gluing the Mi’s along the fij ’s
is homeomorphic to M . The Mij ’s are finite unions of smooth hypersurfaces of Mi in general position.
Now, one can topologically identify M with the pair I = ({Mi}i, {fij}i,j), which is said to be a resolution
tower forM . Observe that Hironaka’s desingularization theorem [21] ensures the existence of a resolution
tower for every compact real algebraic set. The resolution tower I forM is said to be a “weak boundary”
if there exists another resolution tower ({M ′i}i, {f ′ij : M ′ij −→ M ′j}i,j) such that, for every i, j, M ′i is a
compact smooth manifold-with-boundary, ∂M ′i =Mi,M
′
ij is a finite union of smooth hypersurfaces ofM
′
i
in general position, Mij =M
′
ij∩Mi and fij = f ′ij |Mij . Thanks to this notion, Akbulut and King obtained
a complete topological characterization of real algebraic sets with isolated singularities (see [1]) and, with
the help of L. Taylor, they proved the existence of algebraic structures on every compact PL manifolds
(see [2, 5]). Furthermore, they found local topological necessary conditions for a compact polyhedron P
of dimension ≤ 3 to be homeomorphic to a real algebraic set. In dimension ≤ 2, these conditions reduce
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to the Sullivan condition: the link of each vertex of P has even Euler characteristic. In dimension 3,
the mentioned conditions define five independent local topological obstructions for the algebraicity of P ,
including the Sullivan one. By employing the concept of “weak boundary”, Akbulut and King proved that
these local topological obstructions are the unique obstructions for a compact polyhedron of dimension
≤ 3 to be homeomorphic to a real algebraic set. As a significant corollary, we have that every compact
Nash set (or better every compact real analytic set) of dimension ≤ 3 has a real algebraic structure. We
refer the reader to [9, 3] for the 2-dimensional case and to [4] for the 3-dimensional one.
In [24, 25], by means of a completely different method, McCrory and Parusin´ski discovered local
topological necessary conditions for the algebraicity of compact polyhedra in any dimension. These
conditions coincide with the ones of Akbulut and King in dimension ≤ 3. In higher dimension, the
number of independent local topological obstructions defined by such necessary conditions is enormous,
at least 243 − 43.
The latter result has an important consequence: in arbitrary dimension, there is no hope to give
a reasonable local topological description of compact polyhedra admitting a real algebraic structure.
However, if compact polyhedra we want make algebraic have a Nash structure, then they satisfy all the
McCrory-Parusin´ski conditions (see [27, 16]). Furthermore, such polyhedra admit resolution of singulari-
ties via Hironaka’s desingularization theorem, and hence the method of resolution towers applies. In this
way, at the present time, the following seems to be the most promising and meaningful formulation of
the algebraization problem:
Algebraization problem: Is a Nash set semialgebraically homeomorphic to a real algebraic set?
A similar question can be restated in the real analytic setting.
Here we are interested in the compact Nash case only.
It is important to remark that the theory of resolution towers furnishes a natural and intriguing
“three-steps” strategy to tackle the preceding problem for an arbitrary compact Nash set M : (I) resolve
the singularities of M obtaining a resolution tower I; (II) make algebraic I via algebraic approximation
techniques, obtaining an algebraic resolution tower I ′; (III) blow down I ′ obtaining a real algebraic set
semialgebraically homeomorphic to M .
As we have just recalled, the existence of I in step I is ensured by Hironaka’s desingularization
theorem. The first part of step III can be performed as well: one can show that the blowing down of
every algebraic resolution tower is semialgebraically homeomorphic to a real algebraic set. A serious
difficulty appears in step II. In fact, the blowing down of a (generic) resolution tower is topologically
unstable with respect to the usual algebraic approximation techniques. Hence one cannot conclude that
the blowing down of I ′ is semialgebraically homeomorphic to M . For this reason, one needs to require
that the resolution tower I of step I is of a very special type. Unfortunately, as one reads at page 173
of the 1992 book [4] (for the algebraic case), in order to obtain such a type of resolution tower, it seems
to be necessary an “as yet unproven resolution of singularities theorem” for Nash maps. This assertion
is still true nowadays. The preceding considerations fully describe the intrinsic difficulty to treat the
algebraization problem by the method of resolution towers.
Recently, by using different methods, some examples of compact Nash sets admitting real algebraic
structures have been found in arbitrary dimension and with non-isolated singularities. The examples we
refer to are the following two:
(Ex1) The product of a standard sphere and of a compact Nash set is Nash isomorphic to a real algebraic
set (see [32]).
(Ex2) Let M ⊂ Rn be a compact Nash set symmetric with respect to a point p ∈ Rn. Then M is Nash
isomorphic to a real algebraic set if p 6∈M or if p is an isolated point ofM , and it is semialgebraically
homeomorphic to a real algebraic set if p is a non-isolated point of M . Under suitably conditions,
these results extend to the case in which M is symmetric with respect to an affine subspace of Rn
of positive dimension (see [17, 18]).
To the best of our knowledge, in the singular setting, until now, the algebraization problem has been
solved only for the compact Nash sets described above; that is, the compact Nash sets of dimension ≤ 3
or with isolated singularities, or the ones mentioned in the preceding two examples.
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On the contrary, the study of the algebraization problem for manifolds has been deepened in several
directions. In [6, 12], it is proved that, for every compact smooth manifold M of positive dimension, the
set of birationally nonisomorphic algebraic models of M has the power of continuum. In [7], Ballico and
the first author improved this result by showing that the algebraic structure of every nonsingular real
algebraic set of positive dimension can be deformed by an arbitrarily large number of effective parameters
(see [8, 15] for the singular case).
The existence of several distinct algebraic models of M poses the question of constructing algebraic
models of M with additional algebraic-geometric properties or algebraic models of M on which certain
smooth objects attached to M become algebraic. There is a wide literature devoted to this topic. For
some of the main developments of the algebraization problem for manifolds, we refer the reader to two
recent papers, and to the numerous references mentioned therein: see [22], especially the first section,
for the algebraization of manifold pairs, of vector bundles, of homology and cohomology classes, of
smooth submanifolds of euclidean spaces via ambient isotopies, and of analytic hypersurfaces with isolated
singularities via ambient isotopies; see [23] for the Nash rationality conjecture concerning the existence
of rational algebraic models.
2 The results
The goal of this paper is to introduce the new algebraic-topological notion of asymmetric Nash cobordant
compact Nash sets, and to use it to deal with the algebraization problem. We prove that a compact Nash
set is semialgebraically homeomorphic to a real algebraic set if and only if it is (strongly) asymmetric
Nash cobordant to a compact real algebraic set or, equivalently, if it is asymmetric Nash cobordant to a
point. As an application, we obtain quite general algebraization theorems, which describe, by means of
transversality, new large classes of compact Nash sets semialgebraically homeomorphic to real algebraic
sets.
In what follows, we use standard notions and results concerning real algebraic, Nash and semialgebraic
sets. As usual, we assume that these sets are equipped with the euclidean topology. Our standard
reference is [11] (see also [10, 29]).
Let us precise only the meaning we give to some basic notions from Nash geometry. Let M be a
locally closed semialgebraic subset of Rm. Given an open semialgebraic subset Ω of Rm containing M ,
we say that M is a Nash subset of Ω if it is the zero set of a finite family of Nash functions defined on Ω.
We underline that, by the results of [13], M is a Nash subset of Rm if and only if M is closed in Rm and
it is a Nash subset of one of its open semialgebraic neighborhoods (see [31]). By a Nash set, we mean a
Nash subset of an open semialgebraic subset of some Rm. A Nash manifold is a nonsingular Nash set;
namely, a Nash submanifold of some Rm (see [11, Definition 2.9.9]). Let M ⊂ Rm and N ⊂ Rn be two
Nash sets. A map f : M −→ N is a Nash map if there exist an open semialgebraic neighborhood U of
M in Rm and an extension F : U −→ Rn of f from U to Rn, which is Nash; namely, semialgebraic and
of class C∞.
We recall that a semialgebraic Whitney stratification of a locally closed semialgebraic set A ⊂ Rm is a
finite stratification, whose strata are Nash submanifolds of Rm satisfying conditions a and b of Whitney.
We refer the reader to [19, 30] for the general properties of Whitney and semialgebraic Whitney strati-
fications. Given a Nash submanifold B of Rm, we say that B is transverse to A in Rm if there exists
a semialgebraic Whitney stratification {Ai}i of an open semialgebraic neighborhood of A ∩B in A such
that B is transverse to each stratum Ai in R
m.
For short, we say that a Nash set has an algebraic structure if it is semialgebraically homeomorphic
to a real algebraic set. Given integers n,m ∈ N with n < m, we identify Rn with the vector subspace
R
n × {0} of Rm = Rn × Rm−n. If S is a subset of Rm, then we denote by ZclRm(S) the Zariski closure
of S in Rm.
Let us introduce the mentioned new notion of asymmetric Nash cobordism.
Definition 2.1. LetM be a compact Nash set. Given a compact Nash subsetM ′ of Rn, we say thatM is
asymmetric Nash cobordant to M ′, or asym-Nash cobordant to M ′ for short, if there exist a compact Nash
subset S of some Rm+1 with n ≤ m and M ′ ⊂ S, and a compact Nash subset N of S with N ∩M ′ = ∅
such that:
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(i) N is semialgebraically homeomorphic to M .
(ii) Rm ∩ S = N ∪M ′.
(iii) Rm is transverse to S in Rm+1 locally at N . More precisely, there exists an open semialgebraic
neighborhood W of N in S such that Rm is transverse to W in Rm+1.
If, in addition, S satisfies condition (iv) below, then we say that M is strongly asymmetric Nash
cobordant to M ′, or simply strongly asym-Nash cobordant to M ′:
(iv) S is a union of connected components of ZclRm+1(S).
The compact Nash set M is called Nash boundary if it is asym-Nash cobordant to the empty set.
The use of adjective “asymmetric” is justified by the fact that the statement of the preceding definition
is not symmetric in M and M ′. A deeper motivation is revealed by Theorem 2.3 below. The reader
compares Definition 2.1 with the classical “symmetric” notion of cobordism between Whitney stratified
compact subsets of Rm (see [20, Definition 3.3] with X = Rm).
The concept of asymmetric Nash cobordism just defined generalizes the standard one of unoriented
cobordism between compact smooth manifolds. Indeed, if M and M ′ are two unoriented cobordant
compact Nash manifolds and T is a compact smooth manifold-with-boundary having their disjoint union
M ⊔M ′ as boundary, then, by standard Nash approximation results (see [11, 29]), the double of T can
be embedded into some Rm+1 as a compact Nash submanifold S in such a way that Rm ∩ S is Nash
isomorphic toM⊔M ′ and Rm is transverse to S in Rm+1. In particular, it follows that, if a compact Nash
manifold is a smooth boundary; namely, it is the boundary of a compact smooth manifold-with-boundary,
then it is also a Nash boundary. It is worth noting that there exist topological obstructions for a compact
Nash set to be a Nash boundary. Indeed, every Nash boundary is also a P-boundary (see [16, Theorem
1.2]). In particular, it must have even Euler characteristic.
The reader observes that, if M is semialgebraically homeomorphic to M ′, then it is also asym-Nash
cobordant to M ′. It suffices to set S :=M ′×S1 ⊂ Rn+2 = Rn×R2, N :=M ′×{(1, 0)}, m := n+1 and
to identify M ′ with M ′ × {(−1, 0)} in the preceding definition. For the same reason, if a compact Nash
set has an algebraic structure, then it is also strongly asym-Nash cobordant to a compact real algebraic
set.
Our main result proves the converse implication. It reads as follows.
Theorem 2.2. If a compact Nash set is strongly asym-Nash cobordant to a compact real algebraic set,
then it has an algebraic structure.
At first glance, one may hope to prove Theorem 2.2 by adapting the classical proof of the Nash-
Tognoli theorem via standard algebraic approximation results and semialgebraic Thom’s first isotopy
lemma. This is not the case.
Let us explain why. Suppose to have a compact Nash manifold M we want to make algebraic. Then
there exist a compact Nash submanifold S of some Rm+1 such that Rm is transverse to S in Rm+1, Rm∩S
is equal to the disjoint union N ⊔M ′ of a compact Nash manifold N diffeomorphic (and hence Nash
isomorphic) to M and of a compact nonsingular real algebraic set M ′, and S is a union of connected
components of S′ := ZclRm+1(S). This is the first part of the mentioned classical proof: see, for example,
Theorem 14.1.10 of [11, p. 378], where the notations are very different from the ones used here.
The classical proof proceeds as follows. Consider the Nash function g : S′ −→ R equal to the
projection (x1, . . . , xm+1) 7−→ xm+1 on S and to 1 on S′ \ S. Observe that 0 is a regular value of g and
g−1(0) = N ⊔M ′. Since the real algebraic set M ′ is nonsingular, it follows that it is “quasi regular” (see
[35], p. 51) or, that is the same, it is “nice” (see [4, p. 57]). For this reason, we can apply the relative
Weierstrass approximation theorem (see [34, Teorema 1] or [4, Lemma 2.8.1]), obtaining a regular function
h : S′ −→ R arbitrarily C∞-close to g and vanishing on M ′. In this way, by smooth Thom’s first isotopy
lemma, there exists a small smooth isotopy (Ft : g
−1(0) −→ S)t∈[0,1] from g−1(0) to h−1(0) in S fixing
M ′. In particular, F1(N) ⊔M ′ is equal to the nonsingular real algebraic set h−1(0). Since M ′ is Zariski
closed in Rm+1, it follows immediately that F1(N) is a nonsingular real algebraic set, as desired.
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Suppose now that M is an arbitrary (possibly singular) compact Nash set strongly asym-Nash cobor-
dant to a compact real algebraic set M ′. Let S ⊂ Rm+1 and N be as in Definition 2.1. The reader
observes that there are two serious obstructions to adapt the preceding proof to the present singular
situation. First, we do not require that M ′ is nice; hence, it is not possible to apply the mentioned
relative Weierstrass approximation theorem to the function g (which can be defined as above). Secondly,
we imposed the transversality between Rm and S locally at N , but not locally at M ′. In this way, also
in the case in which one would have a regular map h arbitrarily C∞-close to g and vanishing on M ′,
semialgebraic Thom’s first isotopy lemma would not ensure the existence of a semialgebraic isotopy from
g−1(0) to h−1(0) in S fixing M ′.
Our strategy to prove Theorem 2.2 is based on a new algebraic-topological approximation procedure.
First, we reduce to the case in which M ′ is a point by using the real algebraic blowing down operation
and then we perform the algebraic approximation of g by means of an ad hoc family of nonsingular
hypersurfaces of Rm+1 “converging to the boundary of a cylinder”. More precisely, we obtain Theorem
2.2 as an immediate consequence of the following two results.
Theorem 2.3. Let M be a compact Nash set. The following assertions are equivalent:
(i) M is strongly asym-Nash cobordant to a compact real algebraic set.
(ii) M is strongly asym-Nash cobordant to a point.
(iii) M is asym-Nash cobordant to a point.
Theorem 2.4. If a compact Nash set is strongly asym-Nash cobordant to a point, then it has an algebraic
structure.
We observe that, by definition, if a compact Nash set M is asym-Nash cobordant to the empty set
(namely, ifM is a Nash boundary), then it is also asym-Nash cobordant to a point. In this way, thanks to
Theorem 2.3, we have that M is strongly asym-Nash cobordant to a point as well. By applying Theorem
2.4 to M , we infer at once the following significant result.
Corollary 2.5. Every Nash boundary has an algebraic structure.
Let us present some applications of our results.
First, we need to extend to Nash maps the notion of transversality between Nash submanifolds and
locally closed semialgebraic subsets of Rm, given above.
Let A be a Nash set, let N be a Nash manifold, let B be a Nash subset of N and let f : A −→ N
be a Nash map. We say that f is transverse to B if there exist a semialgebraic Whitney stratification
{Ai}i of an open semialgebraic neighborhood of f−1(B) in A and a semialgebraic Whitney stratification
{Bj}j of an open semialgebraic neighborhood of f(f−1(B)) in N such that the restriction of f to each
stratum Ai is transverse to each stratum Bj in N . In the case in which A is a Nash subset of N and the
inclusion map A →֒ N is transverse to B, we say that A is transverse to B in N and also that the set
A ∩B is the transverse intersection of A and B in N .
In the latter situation, the condition of transversality between A and B in N can be restated explicitly
as follows: A is transverse to B in N if there exist a semialgebraic Whitney stratification {Ai}i of an
open semialgebraic neighborhood of A ∩B in A and a semialgebraic Whitney stratification {Bj}j of an
open semialgebraic neighborhood of A∩B in B such that each stratum Ai is transverse to each stratum
Bj in N .
We remind the reader that a real algebraic set is said to have totally algebraic homology if each of its
homology classes over Z2 can be represented by a real algebraic subset. Remarkable examples of compact
nonsingular real algebraic sets with totally algebraic homology are the standard unit spheres and the
grassmannians.
Thanks to Theorem 2.2, we obtain the following quite general algebraization result.
Theorem 2.6. Let X be a compact real algebraic set, let Y be a nonsingular real algebraic set, let Z be
a real algebraic subset of Y and let f : X −→ Y be a Nash map transverse to Z. Then, in each of the
following two cases, the compact Nash set f−1(Z) has an algebraic structure:
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(i) f is C 0-homotopic to a regular map.
(ii) X is a real algebraic subset of some compact nonsingular real algebraic set V with totally algebraic
homology, Y has totally algebraic homology and the map f admits a Nash extension from the whole
V to Y .
We remark that, in order to prove the latter theorem, we will need the semialgebraic version of a
powerful isotopy result of Thom (see Corollary 3.3) and a new nonstandard version of a basic algebraic
approximation result of Akbulut and King, the so-called workhorse theorem (see Lemma 3.6 and Remark
3.7). Furthermore, the asymmetry of Definition 2.1 will play a crucial role, at least in the proof of point
(i) (see Remarks 3.8, 3.10 and 3.12). Finally, as a byproduct of the proof of point (ii), we obtain a
new algebraic approximation result for Nash maps between nonsingular real algebraic sets with totally
algebraic homology (see Theorem 3.11), which is interesting in its own right.
Our next result gives two simple ways of constructing Nash boundaries, which have algebraic struc-
tures, as we saw in Corollary 2.5. As usual, a subset of Rm is said to be proper if it is different from
R
m.
Theorem 2.7. In each of the following two cases, the compact Nash set M is a Nash boundary and
hence it has an algebraic structure:
(i) M is the product of a Nash boundary (for example, a compact Nash manifold which is a smooth
boundary) by an arbitrary compact Nash set.
(ii) M is the transverse intersection of two proper Nash subsets of some Rm, one of which is compact.
In the semialgebraic setting, preceding point (i) generalizes (Ex1).
We have a conjecture.
Conjecture 2.8. Every compact Nash set is strongly asym-Nash cobordant to a compact real algebraic
set or, equivalently, every compact Nash set is asym-Nash cobordant to a point.
The reader observes that the validity of this conjecture, combined with Theorem 2.2, would imply the
complete affirmative solution of the algebraization problem in the compact case: “every compact Nash
set has an algebraic structure”.
The proofs of our results are given in the next section.
3 Proofs of the results
In this section, we give the proofs of our results. We divide the section into four subsections. In the first,
we prove Theorem 2.3. The second subsection is devoted to the proofs of Theorems 2.4 and 2.2. The last
two subsections deal with Theorems 2.6 and 2.7.
3.1 Proof of Theorem 2.3
Implications (ii) =⇒ (i) and (ii) =⇒ (iii) are evident. Implication (iii) =⇒ (ii) is an easy consequence of
the Artin-Mazur theorem.
Proof of implication (iii) =⇒ (ii). Suppose M is asym-Nash cobordant to a point. By definition, there
exist a compact Nash subset S of some Rm+1 such that Rm ∩ S is equal to the disjoint union of a point
p and of a compact Nash set N semialgebraically homeomorphic to M , and Rm is transverse to S in
R
m+1 locally at N . Let h : Rm+1 −→ R be a Nash function having S as its zero set. We apply the
Artin-Mazur theorem to h (see [11, Theorem 8.4.4]), obtaining a positive integer k, a nonsingular real
algebraic subset V of Rm+2+k = Rm+1 ×R×Rk, a semialgebraically connected component V ′ of V and
a Nash isomorphism σ : Rm+1 −→ V ′ such that π(σ(x)) = x and τ(σ(x)) = h(x) for every x ∈ Rm+1,
where π : Rm+1×R×Rk −→ Rm+1 and τ : Rm+1×R×Rk −→ R denote the natural projections. Let H
be the coordinate hyperplane xm+1 = 0 of R
m+2+k, let S′ := ZclRm+2+k(σ(S)) and let g : V −→ R be the
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restriction of τ to V . Observe that H ∩ σ(S) = σ(N) ⊔ {σ(p)} and H is transverse to σ(S) in Rm+2+k
locally at σ(N). Moreover, since σ(S) = V ′ ∩ g−1(0) is a union of connected components of g−1(0) and
S′ ⊂ g−1(0), we infer at once that σ(S) is a union of connected components of S′ as well. This proves
that M is strongly asym-Nash cobordant to the point σ(p).
In order to prove implication (i) =⇒ (ii), our idea is to use a suitable version of the real algebraic
blowing down lemma by Akbulut and King, which allows to make algebraic the topological operation of
“collapsing a subspace to a point”. In this context, a key notion is the one of projectively closed real
algebraic set. Let jn : R
n −→ Pn(R) be the affine chart sending x into [1, x]. A real algebraic set X ⊂ Rn
is called projectively closed if jn(X) is Zariski closed in P
n(R). This condition can be restated in terms
of overt polynomials. A polynomial P ∈ R[X1, . . . , Xn] is overt if its homogeneous leading term (namely,
its homogeneous part of maximum degree) vanishes only at the origin of Rn. It is easy to verify that
the real algebraic subset X of Rn is projectively closed if and only if there exists an overt polynomial in
R[X1, . . . , Xn] whose zero set coincides with X . The reader is referred to Sections II.3 and II.6 of [4] for
more details on this topic.
Lemma 3.1. If a compact Nash set is strongly asym-Nash cobordant to a compact real algebraic set, then
it is also strongly asym-Nash cobordant to a projectively closed real algebraic set
Proof. Let M be a compact Nash set strongly asym-Nash cobordant to a compact real algebraic set. By
definition, there exist a compact Nash subset S of some Rm+1 such that Rm ∩S is the disjoint union of a
compact real algebraic setM ′ and of a compact Nash set N semialgebraically homeomorphic toM , Rm is
transverse to S in Rm+1 locally at N and S is the union of certain connected components of ZclRm+1(S).
Thanks to Theorem 2.5.13 of [4] (or, better, thanks to its proof with W := Rm and V := M ′), we know
that there exists a biregular embedding ψ : Rm −→ Rk (namely, ψ(Rm) is Zariski closed in Rk and the
restriction of ψ from Rm to ψ(Rm) is a biregular isomorphism) such that ψ(M ′) is projectively closed.
Denote by Ψ : Rm+1 −→ Rk+1 the biregular embedding ψ× idR, where idR : R −→ R is the identity map
on R. The reader observes that Rk ∩Ψ(S) = ψ(N) ⊔ ψ(M ′), Rk is transverse to Ψ(S) in Rk+1 locally at
ψ(N) and Ψ(S) is a union of connected components of ZclRk+1(Ψ(S)) = Ψ(ZclRm+1(S)). It follows that
M is strongly asym-Nash cobordant to the projectively closed real algebraic set ψ(M ′).
We are ready to complete the proof of Theorem 2.3.
Proof of implication (i) =⇒ (ii). By Lemma 3.1, we can assume thatM is strongly asym-Nash cobordant
to a projectively closed real algebraic set. Then there exist a compact Nash subset S of some Rm+1 such
that Rm ∩ S is equal to the disjoint union of a projectively closed real algebraic set M ′ ⊂ Rm and of a
compact Nash set N semialgebraically homeomorphic to M , Rm is transverse to S in Rm+1 locally at N
and S is a union of connected components of S′ := ZclRm+1(S).
Let D ∈ R[X ] = R[X1, . . . , Xm+1] be a (non-zero) polynomial whose zero set is S′ and let d be its
degree. Since M ′ is projectively closed as a real algebraic subset of Rm, it is also projectively closed as
a real algebraic subset of Rm+1: indeed, jm(M
′) = jm+1(M
′) and Pm(R) is a Zariski closed subset of
P
m+1(R), up to natural identifications. In this way, there exists an overt polynomial E ∈ R[X ] having
M ′ as its zero set. If M ′ = ∅, then we define E(X) := 1 +∑m+1i=1 X2i . Write E as follows: E =∑ej=0 Ej ,
where e := deg(E) and Ej is a homogeneous polynomial in R[X ] of degree j. Since E is overt and not
constant, we have that e ≥ 2 and Ee vanishes only at 0. Let ℓ be a positive integer such that eℓ > d.
Denote by x = (x1, . . . , xm+1) the coordinates of R
m+1. Define the polynomial L ∈ R[X,Xm+2], the
polynomial maps α : Rm+1 −→ Rm+2 and β : Rm+2 −→ Rm+2, and the subsets S∗, S′∗ and N∗ by setting
L(X,Xm+2) := D(X)
2 + (Xm+2 − E(X))2ℓ,
α(x) := (x,E(x)),
β(x, xm+2) := (xxm+2, xm+2),
S∗ := {0} ∪ β(α(S)),
S′∗ := {0} ∪ β(α(S′)),
N∗ := β(α(N)).
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Observe that: α(S′) ∩ Rm+1 = M ′ × {0}, the restriction of β ◦ α from Rm+1 \M ′ to Rm+2 \ Rm+1
is a biregular embedding, S∗ is a compact semialgebraic set equal to the union of certain connected
components of S′∗, N∗ is a compact Nash set semialgebraically homeomorphic toM and L is a polynomial
of degree 2eℓ with α(S′) as its zero set and with E2ℓe as its homogeneous leading term. Moreover, it holds:
β(α(S′)) \ Rm+1 = {(x, xm+2) ∈ Rm+2 \ Rm+1 ∣∣L(β−1(x, xm+2)) = 0}.
By clearing denominators in the rational expression of L(X/Xm+2, Xm+2), we infer at once the existence
of a polynomial R ∈ R[X,Xm+2] such that
L(β−1(x, xm+2)) = x
−2eℓ
m+2
(
Ee(x)
2ℓ + xm+2R(x, xm+2)
)
for every (x, xm+2) ∈ Rm+2 \Rm+1. Since Ee vanishes only at 0, we infer that S′∗ is equal to the zero set
of the polynomial Ee(X)
2ℓ + Xm+2R(X,Xm+2) and hence it is Zariski closed in R
m+2. It follows that
S∗ is a union of connected components of ZclRm+2(S∗).
Denote by H the coordinate hyperplane xm+1 = 0 of R
m+2. It is immediate to verify that H ∩ S∗ =
N∗ ⊔ {0} and, since N∗ ∩ Rm+1 = ∅, H is transverse to S∗ in Rm+2 locally at N∗.
Summarizing, we have proved that: S∗ is a compact Nash subset of R
m+2, H ∩ S∗ is the disjoint
union of {0} and of the compact Nash set N∗ semialgebraically homeomorphic to M , H is transverse to
S∗ in R
m+2 locally at N∗ and S∗ is a union of connected components of its Zariski closure in R
m+2. This
ensures that M is strongly asym-Nash cobordant to a point, as desired.
3.2 Proofs of Theorems 2.4 and 2.2
We begin with three preliminary lemmas and a corollary.
The first result is a simple consequence of the semialgebraic version of Thom’s first isotopy lemma of
Coste and Shiota (see [14]).
Lemma 3.2. Let A be a locally closed semialgebraic subset of Rm equipped with a semialgebraic Whitney
stratification {Ai}i, and let u : U −→ Rk be a Nash map from an open semialgebraic neighborhood U of A
in Rm to some Rk such that 0 is a regular value of the restriction of u to each stratum Ai and u
−1(0)∩A
is compact. Choose a compact neighborhood C of u−1(0) ∩ A in U .
Suppose to have a Nash map v : U −→ Rk with the following property:
(∗) there exists a positive real number ε such that the set L = {(x, s) ∈ A × [−ε, 1 + ε] | (1 − s)u(x) +
sv(x) = 0} is compact and πA(L) ⊂ C, where πA : A×R −→ A denotes the natural projection onto
A.
Then, if the Nash map v is also sufficiently C 1-close to u on C, there exists a semialgebraic home-
morphism θ : u−1(0) ∩ A −→ v−1(0) ∩ A such that, for every i, θ(u−1(0) ∩ Ai) = v−1(0) ∩ Ai and the
restriction of θ from u−1(0) ∩Ai to v−1(0) ∩Ai is a Nash isomorphism.
Proof. Let ρ : R −→ R be a Nash embedding and let a, b ∈ R such that ρ(R) = (−ε, 1 + ε), ρ(a) = 0 and
ρ(b) = 1. For example, one can set
ρ(t) := (1 + (1 + 2ε)t(1 + t2)−1/2)/2.
Consider the Nash map ϕ : U × R −→ Rk defined by setting
ϕ(x, t) := (1− ρ(t))u(x) + ρ(t)v(x).
Define the closed semialgebraic subset B of U × R, the partition {Bi}i of B and the Nash map π :
U × R −→ R as follows:
B := {(x, t) ∈ A× R |ϕ(x, t) = 0},
Bi := {(x, t) ∈ Ai × R |ϕ(x, t) = 0} for every i,
π(x, t) := t.
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By condition (∗), it follows immediately that the restriction of π to B is a proper map. Furthermore,
if v is sufficiently C 1-close to u on C, then {Bi}i is a semialgebraic Whitney stratification of B and the
restriction of π to each stratum Bi is a Nash submersion. Thanks to the semialgebraic version of Thom’s
first isotopy lemma [14], there exists a semialgebraic homeomorphism from π−1(a)∩B = (u−1(0)∩A)×{a}
to π−1(b) ∩ B = (v−1(0) ∩ A) × {b}, which induces a Nash isomorphism from π−1(a) ∩ Bi = (u−1(0) ∩
Ai)× {a} to π−1(b) ∩Bi = (v−1(0) ∩ Ai)× {b} for each i. This completes the proof.
The reader observes that, if A is compact, then condition (∗) is always satisfied (with an arbitrary
compact neighborhood C of A in U and with an arbitrary ε > 0).
Let us present a useful corollary of the preceding lemma. It is a semialgebraic version of a classical
isotopy result of Thom (see [33, The´ore`me 2.D.2, pp. 270-271]). Certainly, such a semialgebraic version
is known to the experts in semialgebraic geometry. However, to the best of our knowledge, it is explicitly
stated and proved here for the first time.
Corollary 3.3. Let X ⊂ Rn be a compact semialgebraic set equipped with a semialgebraic Whitney
stratification {Xi}i, let Y be a Nash manifold, let Z be a closed semialgebraic subset of Y equipped with a
semialgebraic Whitney stratification {Zj}j and let f : Ω −→ Y be a Nash map from an open semialgebraic
neighborhood Ω of X in Rn to Y such that the restriction of f to each stratum Xi is transverse to each
stratum Zj in Y . Choose a compact semialgebraic neighborhood K of X in Ω.
Then, if g : Ω −→ Y is a Nash map sufficiently C 1-close to f on K, the semialgebraic sets f−1(Z)∩X
and g−1(Z) ∩X are semialgebraically homeomorphic.
Proof. Suppose Y is a Nash submanifold of Rk. Let ρ : T −→ Y be a Nash tubular neighborhood of Y
in Rk; namely, T is an open semialgebraic neighborhood of Y in Rk, ρ is a Nash retraction (for example,
the closest point map) and (T, ρ, Y ) is a vector bundle (see [11, Corollary 8.9.5]). Define Z∗ := ρ−1(Z)
and Z∗j := ρ
−1(Zj) for every j. Since ρ is a Nash submersion, {Z∗j }j turns out to be a semialgebraic
Whitney stratification of the closed semialgebraic subset Z∗ of T . Let iY : Y →֒ Rk be the inclusion map
and let F,G : Ω −→ Rk be the Nash maps defined by F := iY ◦ f and G := iY ◦ g. Consider the open
semialgebraic subset U := Ω× T of Rn+k = Rn ×Rk, the closed semialgebraic subset A := X ×Z∗ of U ,
the semialgebraic Whitney stratification {Xi × Z∗j }i,j of A, and the Nash maps u, v : U −→ Rk defined
as follows: u(x, y) := F (x) − y and v(x, y) := G(x) − y for every (x, y) ∈ Ω× T = U .
By hypothesis, the restriction of f to each stratum Xi of X is transverse to each stratum Zj of Z in
Y . This is equivalent to assert that the restriction of F to each stratum Xi of X is transverse to each
stratum Z∗j of Z
∗ in Rk. The latter transversality condition is in turn equivalent to the fact that 0 is a
regular value of the restriction of u to each stratum Xi × Z∗j of A.
Let T ∗ be a compact neighborhood of Y in T , let Z∗∗ be the compact set Z∗ ∩ T ∗ and let C be a
compact neighborhood of X × Z∗∗ in K × T . Define the continuous map H : X × [−1, 2] −→ Rk by
setting H(x, s) := (1 − s)F (x) + sG(x). Since g is arbitrarily C 1-close to f on K, we have that G is
arbitrarily C 1-close to F on K as well. In particular, G is also C 0-close to F on X . In this way, we can
assume that H(X × [−1, 2]) is a subset of T ∗. Define the set L as follows:
L :=
{
(x, y, s) ∈ A× [−1, 2] ∣∣ (1 − s)u(x, y) + sv(x, y) = 0}.
Observe that (1−s)u(x, y)+sv(x, y) = (1−s)F (x)+sG(x)−y for every (x, y, s) ∈ U × [−1, 2]. It follows
that L is compact, because it is a closed subset of the compact set X × Z∗∗ × [−1, 2].
We have just proved that A, u, v and C satisfy the hypothesis of Lemma 3.2 (with ε = 1). Thanks
to this lemma, we infer that u−1(0) ∩A and v−1(0) ∩A are semialgebraically homeomorphic. It remains
to show that u−1(0) ∩ A and v−1(0) ∩ A are semialgebraically homeomorphic to f−1(Z) and to g−1(Z),
respectively. This is quite easy. Indeed, we have that
u−1(0) ∩ A = {(x, y) ∈ X × Z | y = f(x)}
and hence u−1(0) ∩ A is the graph of the restriction of f to f−1(Z) ∩ X . Similarly, v−1(0) ∩ A is the
graph of the restriction of g to g−1(Z) ∩X .
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Fix a positive integer m. We denote by ‖x‖ the euclidean norm (∑mi=1 x2i )1/2 of the vector x =
(x1, . . . , xm) of R
m, by Bm(r) the open ball {x ∈ Rm | ‖x‖ < r} of Rm centered at 0 with radius r and
by B¯m(r) the closure of Bm(r) in R
m.
Lemma 3.4. Let Q be a compact semialgebraic subset of Rm+1 such that Q ∩ Rm = {0}. Then there
exist a positive real number ε and a positive integer k such that
|xm+1| > ε ‖x‖2k for every (x, xm+1) ∈ Q \ {0}.
Proof. Let ν : (Rm \ {0}) × R −→ (Rm \ {0}) × R be the biregular automorphism sending (x, xm+1)
into (x‖x‖−2, xm+1) and let Q′ := ν(Q \ ({0} × R)). Since Q is compact in Rm+1 and Q ∩ Rm = {0},
it is immediate to verify that Q′ is closed in Rm+1 and Q′ ∩ Rm = ∅. Consider the positive continuous
semialgebraic function f : Q′ −→ R defined by f(x, xm+1) := 1/|xm+1| and apply Proposition 2.6.2 of
[11] to f . We obtain a positive real number r and a positive integer k such that
1/|xm+1| < r(1 + ‖x‖2 + x2m+1)k for every (x, xm+1) ∈ Q′.
Let s be a positive real number so large that Q ⊂ B¯m(s)× [−s, s]. Since Q′ ⊂ Rm× [−s, s], we infer that
|xm+1| > r−1(1 + ‖x‖2 + x2m+1)−k ≥ r−1(1 + s2 + ‖x‖2)−k
for every (x, xm+1) ∈ Q′. Define ε := r−1((1 + s2)s2 + 1)−k > 0. If (x, xm+1) ∈ Q \ ({0} × R), then it
holds:
|xm+1| > r−1
(
1 + s2+
∥∥x‖x‖−2 ∥∥2)−k =
= r−1
(
(1 + s2)‖x‖2 + 1)−k ‖x‖2k ≥ ε‖x‖2k,
as desired.
For every positive real number δ and for every positive integer k, we define the open semialgebraic
subset Ωδ,k of R
m+1 by setting
Ωδ,k :=
{
(x, xm+1) ∈ Rm+1
∣∣ |xm+1| < δ‖x‖2k},
and we denote its closure in Rm+1 by Ωδ,k.
In the next lemma, we improve the geometric conditions in which a strongly asymmetric Nash cobor-
dism to a point can be performed.
Lemma 3.5. Let M be a compact Nash set, strongly asym-Nash cobordant to a point. Then there exist
a compact Nash subset S of some Rm+1, a Nash subset N of S semialgebraically homeomorphic to M , a
compact semialgebraic neighborhood W of N in S, a positive real number δ and a positive integer k such
that: 0 6∈ N , Rm ∩ S = N ∪ {0}, Rm is transverse to W in Rm+1, 0 is an isolated point of S ∩ Ωδ,k,
W = (S ∩Ωδ,k ) \ {0} and
S ⊂ Bm(1/2)× (−1/2, 1/2), (3.1)
ZclRm+1(S) \ S ⊂ Rm+1 \ (B¯m(2)× [−2, 2]). (3.2)
Proof. Since M is strongly asym-Nash cobordant to a point, there exists a compact Nash subset T of
some Rn+1, a compact Nash subset Z of T semialgebraically homeomorphic to M , an open semialgebraic
neighborhood U of Z in T equipped with a semialgebraic Whitney stratification {Ui}i and a point
q ∈ T \Z such that Rn ∩T = Z ∪{q}, Rn is transverse to each Ui in Rn+1 and T is a union of connected
components of ZclRn+1(T ). Moreover, by using an affinity of R
n+1 if necessary, we can assume that q = 0
and T ⊂ B¯n+1(1/4).
Let us move away L := ZclRn+1(T ) \ T from T by using a classical method of A. H. Wallace (see [36,
Subsection 3.2]). Since T and L are disjoint closed subsets of Rn+1, there exists a continuous function
f : Rn+1 −→ R such that f vanishes on T and is constantly equal to 4 on L. Apply the Weierstrass
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approximation theorem to the restriction of f to B¯n+1(3). We obtain a polynomial P ∈ R[X1, . . . , Xn+1]
such that |P | ≤ 1/4 on T , P (0) = 0 and P > 3 on L ∩ B¯n+1(3). Consider the biregular embedding
G : Rn+1 −→ Rn+2 sending x ∈ Rn+1 into (x, P (x)) ∈ Rn+1×R = Rn+2. Define S′ := G(T ), N ′ := G(Z),
W ′ := G(U), W ′i := G(Ui) for every i, m := n + 1 and H := {(x1, . . . , xm+1) ∈ Rm+1 |xm = 0}. We
have that S′ is a compact Nash subset of Rm+1 contained in B¯m+1(
√
2/4) ⊂ Bm+1(1/2), H ∩ S′ is the
disjoint union of {0} and of the compact Nash set N ′ semialgebraically homeomorphic to M , {W ′i}i
is a semialgebraic Whitney stratification of the open semialgebraic neighborhood W ′ of N ′ in S′, H is
transverse to each W ′i in R
m+1 and
ZclRm+1(S
′) \ S′ = G(L) ⊂ Rm+1 \ (B¯m(3)× [−3, 3]) ⊂ Rm+1 \ B¯m+1(3).
Let Θ : Rm+1 −→ Rm+1 be the linear change of coordinates ofRm+1, sending (x1, . . . , xm−1, xm, xm+1)
into (x1, . . . , xm−1, xm+1, xm). Define S := Θ(S
′), N := Θ(N ′), W • := Θ(W ′) and W •i := Θ(W
′
i ) for
every i. The reader observes that Θ(H) = Rm,
S ⊂ Bm+1(1/2) = Θ(Bm+1(1/2)) ⊂ Bm(1/2)× (−1/2, 1/2),
B¯m(2)× [−2, 2] ⊂ B¯m+1(2
√
2) ⊂ B¯m+1(3) = Θ(B¯m+1(3))
and hence
ZclRm+1(S) \ S ⊂ Rm+1 \ (B¯m(2)× [−2, 2]).
In order to complete the proof, we must modify W • (and its semialgebraic Whitney stratification
{W •i }i) in such a way that it remains transverse to Rm in Rm+1, but it assumes the required form.
Restrict W • around N in such a way that
Q := S \W • is a neighborhood of 0 in S. (3.3)
Since Q ∩ Rm = {0}, by Lemma 3.4, there exists a positive real number ε and a positive integer k such
that
|xm+1| > ε‖x‖2k for every (x, xm+1) ∈ Q \ {0}. (3.4)
For every δ ∈ (0, ε), define:
W ∗δ := S ∩ Ωδ,k,
Wδ :=W
∗
δ \ {0},
W iδ :=W
•
i ∩ Ωδ,k for every i,
W i,∂δ :=W
•
i ∩ ∂Ωδ,k for every i,
where ∂Ωδ,k denotes the boundary of Ωδ,k in R
m+1. Thanks to (3.4), W ∗δ turns out to be a compact
semialgebraic neighborhood of N in S contained in W • ∪ {0}. By (3.3), 0 is an isolated point of W ∗δ . It
follows at once that Wδ is a compact semialgebraic neighborhood of N in S contained in W
•. Bearing in
mind that Rm is transverse to each W •i in R
m+1, if we choose δ sufficiently small, we have that ∂Ωδ,k is
transverse to each W •i in R
m+1 as well. It follows that the Nash submanifolds {W iδ}i ∪ {W i,∂δ }i of Rm+1
form a semialgebraic Whitney stratification of Wδ, whose elements are transverse to R
m in Rm+1.
By construction, S, N and W :=Wδ have all the required properties.
Theorem 2.2 is an immediate consequence of Theorem 2.3 proved in the preceding subsection and of
Theorem 2.4 we prove below.
Proof of Theorem 2.4. Let M , S ⊂ Rm+1, N , W , δ and k be as in the statement of Lemma 3.5. For
every positive integer h, define the nonsingular real algebraic subset Eh of R
m+1 and the Nash function
rh : Bm(1/2) −→ R by setting
Eh := {(x, xm+1) ∈ Rm+1 | (xm+1 − 1)2 + ‖x‖2h − 1 = 0},
rh(x) := 1− (1− ‖x‖2h)1/2,
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and denote by G(rh) ⊂ Rm+1 the graph of rh. Since it holds
Eh ⊂ B¯m(1)× [0, 2] ⊂ B¯m(2)× [−2, 2],
Eh ∩ (Bm(1/2)× (−1/2, 1/2)) =G(rh) ∩ (Bm(1/2)× (−1/2, 1/2)),
points (3.1) and (3.2) imply that
G(rh) ∩ S = Eh ∩ S = Eh ∩ ZclRm+1(S)
and hence G(rh) ∩ S is Zariski closed in Rm+1.
Choose an integer h0 > k such that 4
−h0+k < δ. For every h ≥ h0 and for every x ∈ B¯m(1/2) \ {0},
we have:
rh(x) = ‖x‖2h/(1 + (1− ‖x‖2h)1/2) ≤ ‖x‖2h = ‖x‖2k‖x‖2h−2k ≤
≤ ‖x‖2k(1/2)2h−2k ≤ ‖x‖2k4−h0+k < δ‖x‖2k.
Bearing in mind that 0 is an isolated point of S ∩ Ωδ,k and W is equal to (S ∩ Ωδ,k) \ {0}, we infer at
once that 0 is an isolated point of G(rh) ∩ S and (G(rh) ∩ S) \ {0} = G(rh) ∩W for every h ≥ h0. It
follows that G(rh) ∩W is biregularly isomorphic to a real algebraic set for every h ≥ h0.
Fix h ≥ h0. Consider the Nash functions f, gh : Bm(1/2)× R −→ R defined by setting
f(x, xm+1) := xm+1 and gh(x, xm+1) := xm+1 − rh(x).
If h is sufficiently large, gh is arbitrarily C
1-close to f locally at W . In this way, by Lemma 3.2, we
infer that N = f−1(0) ∩W (and hence M) is semialgebraically homeomorphic to the real algebraic set
G(rh) ∩W = (gh)−1(0) ∩W .
This completes the proof.
3.3 Proof of Theorem 2.6
In order to prove point (i), we need a new version of an important algebraic approximation result, the
so-called workhorse theorem of Akbulut and King: see Lemma 2.4 of [1] or Theorem 2.8.3 of [4, p. 63].
Lemma 3.6. Let X ⊂ Rn be a compact real algebraic set, let Y ⊂ Rk be a nonsingular real algebraic set,
let H : X ×S1 −→ Y be a Nash map and let b ∈ S1 such that the restriction of H to X ×{b} is a regular
map. Choose a point a in S1 \ {b} and a compact semialgebraic neighborhood Ia of a in S1 \ {b}. Then
there exist an open semialgebraic neighborhood U of X in Rn, a Nash extension H˜ : U × S1 −→ Y of H,
a compact semialgebraic neighborhood U∗ of X in U , a nonsingular real algebraic set L ⊂ Rn × S1 ×Rk,
an open semialgebraic subset L0 of L and a regular map R : L −→ Y with the following properties:
(i) If π : Rn × S1 × Rk −→ Rn × S1 denotes the natural projection, then π(L0) = U × S1 and the
restriction ̟ : L0 −→ U × S1 of π from L0 to U × S1 is a Nash isomorphism.
(ii) X × {b} × {0} ⊂ L0.
(iii) R ◦ iL0 ◦̟−1 is arbitrarily C 1-close to H˜ on U∗ × Ia, and R ◦ iL0 ◦̟−1 = H˜ on X × {b}, where
iL0 : L0 →֒ L denotes the inclusion map.
Proof. We organize the proof into two steps.
Step I. Let iY : Y →֒ Rk be the inclusion map and let q : X ×{b} −→ Rn be the regular map sending
(x, b) into H(x, b) for every x ∈ X . Choose a Nash extension Ĥ : Rn×S1 −→ Rk of iY ◦H and a regular
extension Q : Rn×S1 −→ Rk of q. The existence of Ĥ is ensured by Efroymson’s extension theorem (see
[11, Theorem 8.9.12]), the existence of Q by Proposition 3.2.3 of [11].
Let ̺ : T −→ Y be a Nash tubular neighborhood of Y in Rk with ̺ equal to the closest point map
(see [11, Corollary 8.9.5]) and let U be an open semialgebraic neighborhood of X in Rn with compact
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closure U in Rn such that Ĥ(U × S1) ⊂ T . Define the Nash map H∗ : U × S1 −→ Rk by setting
H∗(x, p) := ̺(Ĥ(x, p)). We remark that the image of H∗ is contained in Y .
Define δ,∆ ∈ R as follows:
δ := dist
(
H∗(U × S1),Rk \ T ) > 0,
∆ := max
{
supU×S1 ‖H∗‖k, supU×S1 ‖Q‖k
}
,
where ‖ · ‖k denotes the usual euclidean norm of Rk. Since H∗(x, b) = q(x, b) = Q(x, b) for every x ∈ X ,
by restricting U around X if necessary, we can find a compact semialgebraic neighborhood Ib of b in S
1
so small that Ia ∩ Ib = ∅ and
supU×Ib ‖H∗ −Q‖k < δ/5. (3.5)
Consider a C 1-function ξ : S1 −→ R such that ξ = 1 on S1 \ Ib, ξ(b) = 0 and |ξ| ≤ 1 on the whole S1.
By the relative Weierstrass approximation theorem (see [4, Lemma 2.8.1]), there exists a regular function
θ : S1 −→ R arbitrarily C 1-close to ξ such that θ(a) = 1 and θ(b) = 0. Furthermore, we can assume that
|θ| < 2 on S1 (3.6)
and (
supS1\Ib |1− θ|
) ·∆ < δ/5. (3.7)
By using again the Weierstrass approximation theorem, we find a regular map G : Rn × S1 −→ Rk
arbitrarily C 1-close to H∗ on U × S1. In particular, we can suppose that
supU×S1 ‖G−H∗‖k < δ/5. (3.8)
Define the regular map g : Rn × S1 −→ Rk as follows:
g := θ ·G+ (1− θ) ·Q.
Observe that
g −H∗ = θ · (G−H∗) + (1− θ) · (Q−H∗). (3.9)
By construction, G is arbitrarily C 1-close to H∗ on U × S1 and θ is arbitrarily C 1-close to the function
constantly equal to 1 on Ia. Thanks to (3.9), it follows that
g is arbitrarily C 1-close to H∗ on U × Ia. (3.10)
Since θ(b) = 0, we have that g(x, b) = q(x, b) ∈ Y for every x ∈ X and hence
g(X × {b}) ⊂ Y. (3.11)
Let us show that
g(U × S1) ⊂ T . (3.12)
To do this, it suffices to prove that ‖g −H∗‖k < δ on U × S1.
Consider a point x′ = (x, p) in U × Ib. By (3.9), (3.5), (3.6) and (3.8), we have:
‖g(x′)−H∗(x′)‖k < |θ(p)| · δ/5 + (1 + |θ(p)|) · δ/5 < 2δ/5 + 3δ/5 = δ.
Suppose now that x′ = (x, p) ∈ U × (S1 \ Ib). By (3.9), (3.6), (3.7) and (3.8), we have:
‖g(x′)−H∗(x′)‖k < |θ(p)| · δ/5 + |1− θ(p)| · (2∆) < 2δ/5 + 2δ/5 < δ.
This proves (3.12). We conclude this step by choosing a compact semialgebraic neighborhood U∗ of X
in U .
Step II. The remainder of the proof is quite standard: it follows the classical proof of the workhorse
theorem. We will omit the almost identical details.
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Let Y := {(y, v) ∈ Y × Rk | v ∈ Ty(Y )⊥} be the embedded normal bundle of Y in Rk, let η :
R
n×S1×Rk −→ Rk×Rk be the regular map given by setting η(x, p, v) := (g(x, p)+v, v), let L := η−1(Y)
and let R : L −→ Y be the regular map sending (x, p, v) into g(x, p) + v. Since η is transverse to Y in
R
2k = Rk × Rk, we have that L is a nonsingular real algebraic subset of Rn × S1 × Rk.
Denote by V the open semialgebraic subset g−1(T ) of Rn × S1. Define the Nash maps α : V −→ Y
and β : V −→ Rk, and the open semialgebraic subset L̂0 of L by setting
α(x, p) := ̺(g(x, p)),
β(x, p) := α(x, p)− g(x, p),
L̂0 := L ∩ (V × Rk) = {(x, p, v) ∈ L | g(x, p) ∈ T }.
By construction, we see at once that L̂0 is the graph of β. By (3.12), we infer that U × S1 ⊂ V . In
this way, if we define L0 := L̂0 ∩ (U × S1 × Rk), point (i) is proved. Point (ii) follows immediately from
(3.11) and point (iii) from (3.10) and (3.11), provided we define the Nash map H˜ as the restriction of H∗
from U × S1 to Y .
Remark 3.7. The reader observes that Lemma 3.6 is a quite nonstandard version of the workhorse
theorem. In fact, R ◦ iL0 ◦ ̟−1 approximates H˜ on U∗ × Ia, but not on the whole U∗ × S1 as in the
classical version. Moreover, the maps R ◦ iL0 ◦̟−1 and H˜ coincide on X × {b} without the assumption
that X is nice.
Proof of Theorem 2.6: point (i). We organize the proof into two steps.
Step I. Let X ⊂ Rn be a compact real algebraic set, let Y ⊂ Rk be a nonsingular real algebraic set, let
Z be a real algebraic subset of Y and let f : X −→ Y be a Nash map transverse to Z and C 0-homotopic
to a regular map g. By doubling such a homotopy, we obtain a continuous map h : X × S1 −→ Y such
that h(x, a) = f(x) and h(x, b) = g(x) for every x ∈ X , where a := (1, 0) and b := (−1, 0) are points of
S1 ⊂ R2. Since the restriction of h to X × {a, b} is Nash, there exists a Nash map H : X × S1 −→ Y
(arbitrarily C 0-close to h and) equal to h on X × {a, b}. The existence of such a Nash map H can be
proved by means of an argument similar to the one used in Step I of the proof of Lemma 3.6. For the
sake of completeness, we sketch such an argument below.
Let iY : Y →֒ Rk be the inclusion map, let ̺ : T −→ Y be a Nash tubular neighborhood of Y in
R
k and let I be a small open semialgebraic neighborhood of {a, b} in S1. By Efroymson’s extension
theorem, there exists a Nash map h∗ : X × S1 −→ Rk, which coincides with iY ◦ h on X × {a, b}. If I is
sufficiently small around {a, b} in S1, then h∗ is arbitrarily C 0-close to iY ◦h on X×I. By the Weierstrass
approximation theorem, we can find a polynomial map h∗∗ : X×S1 −→ Rk arbitrarily C 0-close to iY ◦h
on the whole X × S1. Choose a Nash function ξ : S1 −→ R such that ξ(a) = ξ(b) = 0, |ξ| < 2 on S1
and ξ is arbitrarily C 0-close to 1 on S1 \ I. It follows that the Nash map H∗ : X × S1 −→ Rk, given by
H∗ := ξ ·h∗∗+(1−ξ) ·h∗, is arbitrarily C 0-close to iY ◦h on X×S1 and it is equal to iY ◦h on X×{a, b}.
In particular, the image of H∗ is contained in T . Now, it suffices to set H(x, t) := ̺(H∗(x, p)).
Step II. Let us apply Lemma 3.6 to H . Let Ia, U , U
∗, H˜ : U × S1 −→ Y , L, L0, R : L −→ Y and
π : Rn×S1×Rk −→ Rn×S1 be as in the statement of such a lemma. Denote by ̟ : L0 −→ U ×S1 the
Nash isomorphism obtained by restricting π. Define the Nash maps r : U×S1 −→ Y and ra, H˜a : U −→ Y
by setting r(x, p) := R(̟−1(x, p)), ra(x) := r(x, a) and H˜a(x) := H˜(x, a). Observe that H˜a is a Nash
extension of f on U . By point (ii) of Lemma 3.6, we have that r(x, b) = g(x) for every x ∈ X .
Equip Rn+2 with the coordinates (x1, . . . , xn+2) and indicate by J the coordinate hyperplane xn+2 = 0
of Rn+2. Consider the compact Nash set S∗ := r
−1(Z) ∩ (X × S1). We have that J ∩ S∗ is the disjoint
union of (ra)
−1(Z) × {a} and g−1(Z) × {b}. By using point (iii) of the same lemma, we know that r is
arbitrarily C 1-close to H˜ on U∗ × Ia. In particular, ra is arbitrarily C 1-close to H˜a on U∗. Since f is
transverse to Z, it follows that J is transverse to S∗ in R
n+2 locally at (ra)
−1(Z) × {a}. Furthermore,
Corollary 3.3 implies that (ra)
−1(Z) is semialgebraically homeomorphic to f−1(Z).
Define the real algebraic set S′ := R−1(Z) and the compact Nash set S := L0 ∩ S′. Since S is equal
to the compact Nash set ̟−1(S∗), we infer that S is a union of connected components of S
′ (and hence
of ZclRn+2+k(S)), and (J×Rk)∩S is the disjoint union of the real algebraic set g−1(Z)×{b}×{0} and of
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the compact Nash set N := ̟−1((ra)
−1(Z)×{a}), which is semialgebraically homeomorphic to f−1(Z).
Finally, J × Rk is transverse to S in Rn+2+k locally at N . We have just proved that f−1(Z) is strongly
asym-Nash cobordant to a real algebraic set. Theorem 2.2 completes the proof.
Remark 3.8. In the preceding proof, we cannot conclude that J × Rk is transverse to S in Rn+2+k
locally at g−1(Z) × {b} × {0}. This is due to the fact that we do not require that g is transverse to Z.
In this sense, we can say that the asymmetry of Definition 2.1 is necessary.
Remark 3.9. If f is null homotopic (and hence C 0-homotopic to a regular map) and dim(Z) < dim(Y ),
then the argument used in the preceding proof ensures that f−1(Z) is a Nash boundary.
Let us prove point (ii).
Proof of Theorem 2.6: point (ii). As in the preceding proof, we will show that f−1(Z) is strongly asym-
Nash cobordant to a real algebraic set. By Theorem 2.2, the proof will be complete.
Let F : V −→ Y be a Nash extension of f . Consider the Nash map F × idV : V −→ Y × V , where
idV : V −→ V indicates the identity map on V . By hypothesis, Y and V have totally algebraic homology.
In this way, the Ku¨nneth formula implies that Y × V has totally algebraic homology as well. Thanks to
Lemma 2.7.1 of [4], we have that F × idV is unoriented bordant to a regular map. Equivalently, there
exist a compact Nash submanifold B of some Rn+1 containing V , a nonsingular real algebraic subset V ′
of Rn contained in B \V and a Nash map H : B −→ Y ×V such that Rn ∩B = V ∪V ′, Rn is transverse
to B in Rn+1, the restriction of H to V is equal to F × idV and the restriction of H to V ′ is a regular
map. Now, by applying Theorem 2.8.3 of [4, p. 64] to H , we obtain a positive integer k, a nonsingular
real algebraic subset L of Rn+1+k = Rn+1 × Rk, a union L0 of connected components of L and regular
maps P : L −→ Y and Q : L −→ V with the following properties:
(a) If π : Rn+1 × Rk −→ Rn+1 denotes the natural projection, then π(L0) = B and the restriction
̟ : L0 −→ B of π from L0 to B is a Nash isomorphism.
(b) V ′ × {0} ⊂ L0.
(c) (P ×Q) ◦ iL0 ◦̟−1 is arbitrarily C 1-close to H on B and (P ×Q) ◦ iL0 ◦̟−1 = H on V ′, where
iL0 : L0 →֒ L denotes the inclusion map.
Let p : B −→ Y and q : B −→ V be the Nash maps sending x into p(x) := (P ◦ iL0 ◦̟−1)(x) and
q(x) := (Q◦iL0 ◦̟−1)(x), respectively. By points (b) and (c), p×q coincides with H on V ′. In particular,
p and q are regular maps on V ′. By using point (c) again, we infer that:
(c′) p is arbitrarily C 1-close to F on V .
(c′′) q is arbitrarily C 1-close to idV on V . In particular, it is a Nash submersion locally at V in B and
its restriction q′ : V −→ V to V is a Nash automorphism of V arbitrarily C 1-close to idV .
Let X∗ and X˜ be the compact Nash sets and let X
′ be the real algebraic set defined by setting
X∗ := q
−1(X), X˜ := X∗ ∩ V and X ′ := X∗ ∩ V ′. Observe that Rn ∩X∗ is equal to the disjoint union of
X˜ and of X ′. Moreover, by the second part of point (c′′), we have that Rn is transverse to X∗ in R
n+1
locally at X˜, and X˜ = (q′)−1(X) is Nash isomorphic to X .
Consider the compact Nash set S∗ := p
−1(Z) ∩ X∗. We have that Rn ∩ S∗ is the disjoint union of
the compact Nash set X˜∗ := p
−1(Z)∩ X˜ and of the real algebraic set X ′∗ := p−1(Z) ∩X ′. By combining
points (c′) and (c′′) with the fact that f is transverse to Z, we obtain at once that Rn is transverse to S∗
in Rn+1 locally at X˜∗. Furthermore, Corollary 3.3 ensures that X˜∗ is semialgebraically homeomorphic to
(F ◦ q)−1(Z) ∩ X˜ = (q′)−1(f−1(Z)) (and hence to f−1(Z)).
Define the real algebraic set S′ := P−1(Z)∩Q−1(X) and the compact Nash set S := L0 ∩S′. Denote
by O the coordinate hyperplane xn+1 = 0 of R
n+1+k = Rn+1 × Rk. Since S is equal to ̟−1(S∗), we
infer that S is a union of connected components of S′ (and hence of ZclRn+1+k(S)), and O ∩ S is the
disjoint union of the real algebraic set X ′∗ × {0} and of the compact Nash set N := ̟−1(X˜∗), which is
semialgebraically homeomorphic to f−1(Z). Finally, O is transverse to S in Rn+1+k locally at N . This
proves that f−1(Z) is strongly asym-Nash cobordant to a real algebraic set, as desired.
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Remark 3.10. In the preceding proof of point (ii), similarly to the one of point (i), we do not know if
O is transverse to S in Rn+1+k locally at X ′∗ × {0}.
It is worth noting that the argument used in the latter proof implies a new algebraic approximation
result. The result is as follows.
Theorem 3.11. Let V and Y be nonsingular real algebraic sets with totally algebraic homology and let
F : V −→ Y be a Nash map. Suppose that V is compact. Then there exist a compact nonsingular real
algebraic set V˜ , a regular map F˜ : V˜ −→ Y and a Nash isomorphism Π : V˜ −→ V such that Π is a
regular map and F˜ is arbitrarily C∞-close to F ◦Π.
Proof. Let V ′, B, H , L, L0, P , Q and ̟ be as in the preceding proof. Observe that the nonsingular
Nash hypersurface ̟−1(V ) of L0 is homologous to real algebraic set V
′ × {0} in L0. In this way, by
Theorem 2.8.2 of [4], there exist a nonsingular real algebraic hypersurface V˜ of L contained in L0 and a
smooth (or better Nash) automorphism of L0 arbitrarily C
∞-close to idL0 sending V˜ into ̟
−1(V ). Let
̟′ : ̟−1(V ) −→ V be the restriction of ̟ from ̟−1(V ) to V , and let F˜ : V˜ −→ Y and Π : V˜ −→ V be
the restrictions of P and of Q to V˜ , respectively. Since P is arbitrarily C∞-close to F ◦̟′ on ̟−1(V )
and Q is arbitrarily C∞-close to ̟′ on ̟−1(V ), it follows that F˜ is arbitrarily C∞-close to F ◦ Π as
well.
The reader compares the statement and the proof of the preceding theorem with the statement and
the proof of Proposition 2.8.8 of [4], in which Akbulut and King prove a similar result for smooth maps
homotopic to regular maps between nonsingular real algebraic sets, whose homology is not necessarily
totally algebraic.
Remark 3.12. We point out that, starting from Theorem 3.11, one can prove point (ii) of Theorem 2.6
by a direct application of Corollary 3.3.
3.4 Proof of Theorem 2.7
Point (i). Let A be a Nash boundary and let B ⊂ Rn be a compact Nash set such that M = A × B.
Replacing A with one of its semialgebraically homeomorphic copy if necessary, we can assume that there
exist a compact Nash subset S of some Rm+1 with Rm∩S = A and a semialgebraic Whitney stratification
{Ui}i of an open semialgebraic neighborhood U of A in S such that Rm is transverse to each Ui in Rm+1.
Choose a semialgebraic Whitney stratification {Bj}j of B (see [11, Section 9.7] for the existence of
such a stratification). Define the compact Nash subset S∗ := S × B of Rm+1+n = Rm+1 × Rn and the
semialgebraic Whitney stratification {Ui × Bj}i,j of the open semialgebraic neighborhood U × B of M
in S∗. Denote by J the coordinate hyperplane xm+1 = 0 of R
m+1+n. It is immediate to verify that
J ∩ S∗ = M and J is transverse to each stratum Ui × Bj in Rm+1+n. This proves that M is a Nash
boundary.
Point (ii). Let P and Q be proper Nash subsets of some Rm such that Q is compact and M = P ∩Q.
Since P is a proper subset of Rm, we may suppose that 0 6∈ P . Assume that P is transverse to Q
in Rm; namely, that there exist a semialgebraic Whitney stratification {Vk}k of an open semialgebraic
neighborhood V of M in P and a semialgebraic Whitney stratification {Wh}h of an open semialgebraic
neighborhood W of M in Q such that each stratum Vk is transverse to each stratum Wh in R
m.
Choose two positive real numbers r and r′ in such a way that r′ > r, B¯m(r)∩P = ∅ and Q ⊂ B¯m(r′).
Such real numbers exist, because P is closed in Rm, 0 6∈ P and Q is compact. Equip Rm+1 = Rm×R with
the coordinates (x, xm+1) = (x1, . . . , xm, xm+1), and consider the polynomial map H : R
m+1 −→ Rm
and the Nash subset S of Rm+1 defined by setting
H(x, xm+1) :=
(
r′−r
r x
2
m+1 + 1
)
x and S := (P × R) ∩H−1(Q).
By the choice of r and r′, it is immediate to verify that S is contained in B¯m(r
′) × [−1, 1], and hence
it is compact. Moreover, we have that Rm ∩ S = M . Observe that {Vk × R}k and {H−1(Wh)}h are
semialgebraic Whitney stratifications of V ×R and of H−1(W ), respectively. The transversality between
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the strata Vk and the strata Wh in R
m implies the transversality between the strata Vk × R and the
strata H−1(Wh) in R
m+1 locally at (Vk ∩Wh)×{0}. Furthermore, Rm is transverse to each intersection
(Vk ×R) ∩H−1(Wh) in Rm+1 locally at (Vk ∩Wh)× {0}. It follows that, for a sufficiently small positive
real number ε, the family {(Vk × (−ε, ε))∩H−1(Wh)}k,h is a semialgebraic Whitney stratification of the
open semialgebraic neighborhood (Rm × (−ε, ε))∩ S of M in S, and Rm is transverse to each element of
such a stratification in Rm+1. This proves that M is a Nash boundary.
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